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Profound impact on the morphology of continental shelves

Deposit ⇒ porous layer of rock ⇒ potential sources of hydrocarbon

Destructive effect (pipelines, cables, fundations,...)
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∂th + ∂x(hu) = 0,
∂t(hu) + ∂x(hu2 + g/2h2) = gh∂x(H − z),

∂tz + ξ∂xqb = 0
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Grass Model

qb(h, hu) = Agu|u|mg−1, 1 ≤ mg ≤ 4

Ag constant that depends on grain size, viscosity, etc.

Very simple model

Critical shear stress set to zero
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Bottom shear streess

τb = ρwghSf ,

Darcy-Weisbach Manning
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Bottom shear streess

τb = ρwghSf ,

Darcy-Weisbach

τb = ρw
f

8
u|u|

Manning

τb = gρw
n2u|u|
h1/3
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Shield’s parameter

τ?b =
τb

(ρs − ρw)gds

Bedload transport flux

qb =

√(
ρs
ρw
− 1

)
gd3

s Φ sgn (u)
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Meyer-Peter&Müller model (1948)

qb(h, hu) =

√(
ρs
ρw
− 1

)
gd3

s · Φ · sgn (u) (MPM)

Φ = 8(|τ?b | − τ?cr )
3/2
+

More complex but gives good results

Takes into account shear stress (τ?crit)

Valid for slopes lower than 2%
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Fernández Luque & Van Beek (1976)

qb(h, hu) =

√(
ρs
ρw
− 1

)
gd3

s · Φ · sgn (u)

Φ = 5.7(|τ?b | − τ?cr )
3/2
+
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Ribberink (1998)

qb(h, hu) =

√(
ρs
ρw
− 1

)
gd3

s · Φ · sgn (u)

Φ = 11(|τ?b | − τ?cr )1.65
+
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Nielsen (1992)

qb(h, hu) =

√(
ρs
ρw
− 1

)
gd3

s · Φ · sgn (u)

Φ = 12
√
|τ?b |(|τ?b | − τ?cr )+
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Is the model hyperbolic?




∂th + ∂x(hu) = 0,
∂t(hu) + ∂x(hu2 + g/2h2) = −gh∂xz ,
∂tz + ξ∂xqb = 0
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Is the model hyperbolic?

∂tW + A(W )∂xW = 0

where

W = (h, hu, z)t , A(W ) =




0 1 0
gh − u2 2u gh
∂qb
∂h

∂qb
∂q

0
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Grass model

Always hyperbolic!

Usual proof:

Write characteristic polynomial:

p(λ) = λ3 + a2λ
2 + a1λ+ a0

a2 = −2u, a1 = u2 − gh(1 + b), a0 = ghub, b = ξ
∂qb

∂(hu)
> 0

Use Cardano-Vieta relations Q3 + R2 < 0,

Q =
3a1 − a2

2

9
, R =

9a1a2 − 27a0 − 2a3
2

54
.

. . . after some tedious calculations . . .

Q3 + R2 < 0⇐⇒ 4h(u2 − gh)2 + ghb(14 + d) + 4g2h3(b3 + 3b2 + 3b) > 0
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Same approach could be use for other bedload transport formulae . . .

. . . not an easy task!
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T. Morales de Luna (Univ. de Córdoba) Numerical simulation of sediment transport 18 / 42



Different approach

S. Cordier, M. Le and TML (2011)
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Different approach

Grass:
∂qb
∂h

= −q

h

∂qb
∂q
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Different approach

Other models: qb ≡ qb(τb)

Darcy-Weisbach : τb = ρwgh
fu|u|
8gh = αu|u| (α = cst)

∂qb
∂h

= −q

h

∂qb
∂q

Manning : τb = ρwgh
n2u|u|
h4/3 = α u|u|

h1/3 (α = cst)

∂qb
∂h

= −7

6

q

h

∂qb
∂q

T. Morales de Luna (Univ. de Córdoba) Numerical simulation of sediment transport 19 / 42



Different approach

Other models: qb ≡ qb(τb)

Darcy-Weisbach : τb = ρwgh
fu|u|
8gh = αu|u| (α = cst)

∂qb
∂h

= −q

h

∂qb
∂q

Manning : τb = ρwgh
n2u|u|
h4/3 = α u|u|

h1/3 (α = cst)

∂qb
∂h

= −7

6

q

h

∂qb
∂q
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Most of the classical formulae for bedload transport satisfy:

∂qb
∂h

= −k q
h

∂qb
∂q

.
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A(W ) =




0 1 0
gh − u2 2u gh
−kub b 0


 , b =

∂qb
∂q

p(λ) = −λ
∣∣∣∣

−λ 1
−u2 + gh 2u − λ

∣∣∣∣− gh

∣∣∣∣
−λ 1
−kub b

∣∣∣∣

= −λ[(u − λ)2 − gh)] + ghb(λ− ku)
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λ[(u − λ)2 − gh)] = ghb(λ− ku)
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λ[(u − λ)2 − gh)]︸ ︷︷ ︸
f (λ)

= ghb(λ− ku)
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λ[(u − λ)2 − gh)]︸ ︷︷ ︸
f (λ)

= ghb(λ− ku)︸ ︷︷ ︸
d(λ)
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λ[(u − λ)2 − gh)]︸ ︷︷ ︸
f (λ)

= ghb(λ− ku)︸ ︷︷ ︸
d(λ)

( )f l

( )d l

0

1l 2l

3lu gh-

u gh+

ku l

( )d l
-

( )d l
+

a
-

a
+l

-

l
+
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( )f l

( )d l

0

1l 2l

3lu gh-

u gh+

ku l

( )d l
-

( )d l
+

a
-

a
+l

-

l
+

k = 1⇒ 3 eigenvalues always

k 6= 1⇒ α− < ku < α+
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Theorem

Suppose
∂qb
∂h

= −k q
h

∂qb
∂q

.

The system is hyperbolic if and only if

α− < ku < α+,

where

α±
def
= λ± −

f (λ±)

ghb

λ±
def
=

2u ±
√
u2 + 3(gh + ghb)

3
.
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In the case k = 7/6 a sufficient condition is

|u| < 6
√
gh.
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Be careful with splitting!

0 2 4 6 8 100.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
t = 0.00

Surface
Topography

T. Morales de Luna (Univ. de Córdoba) Numerical simulation of sediment transport 26 / 42



Be careful with splitting!
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Be careful with splitting!

0 2 4 6 8 10
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1

0
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2

3

4

t = 0.20
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Be careful with splitting!
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Be careful with splitting!
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Turbidity current / Hyperpicnal plume

H(x)

h(t, x)

z(t, x)

Free Surface

H(x)− h(t, x) − z(t, x)

Hyperpycnal fluid

ρ =
∑ns

j=0 ρjcj

Erodible bed

Bedrock

Water entrainement

Erosion and
deposition

ρw

u(t, x)
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∂th + ∂x(hu) = φη + φb,

∂t(hu) + ∂x

(
hu2 + g (R0 + Rc) h2

2

)
=

g (R0 + Rc) h∂x(H − z) + uφη + u
2φb + τ,

∂t(hcj) + ∂x(hu cj) = φjb, for j = 1, . . . , ns
∂tz + ξ∂xqb = −ξφb.

T. Morales de Luna (Univ. de Córdoba) Numerical simulation of sediment transport 33 / 42



Hyperpycnal model





∂th + ∂x(hu) = φη + φb,

∂t(hu) + ∂x

(
hu2 + g (R0 + Rc) h2

2

)
=

g (R0 + Rc) h∂x(H − z) + uφη + u
2φb + τ,

∂t(hcj) + ∂x(hu cj) = φjb, for j = 1, . . . , ns
∂tz + ξ∂xqb = −ξφb.

(H)

Rj =
ρj − ρ0

ρ0
, for j = 1, . . . , ns ; R0 =

ρ0 − ρw
ρ0

; and Rc =
ns∑

j=1

Rjcj .
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∂th + ∂x(hu) = φη + φb,

∂t(hu) + ∂x

(
hu2 + g (R0 + Rc) h2

2

)
=

g (R0 + Rc) h∂x(H − z) + uφη + u
2φb + τ,

∂t(hcj) + ∂x(hu cj) = φjb, for j = 1, . . . , ns
∂tz + ξ∂xqb = −ξφb.

(H)

Water entrainement

φη = Ewu,

Ew =
0.00153

0.0204 + Ri
, Ri =

Rcgh

u2
.
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(
hu2 + g (R0 + Rc) h2

2

)
=

g (R0 + Rc) h∂x(H − z) + uφη + u
2φb + τ,

∂t(hcj) + ∂x(hu cj) = φjb, for j = 1, . . . , ns
∂tz + ξ∂xqb = −ξφb.

(H)

Erosion/deposition

φjb = F j
e − F j

d , φb =
ns∑

j=1

φjb
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Polydisperse sedimentation model

N especies of sedidemnt
φi = volumetric concentration i = 1, . . . ,N

φ =
N∑

i=1

φi , φ0 = 1− φ, and Φ = (φ0, φ1, . . . , φN)

ρ(Φ) =
N∑

i=0

ρiφi
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Polydisperse sedimentation model

∂tφi +∇(φivi ) = 0, i = 0, 1, . . . ,N,

ρi (∂t(φivi ) +∇ · (φivi ⊗ vi ))

= −ρiφig~k−φi∇p+αi (φ)∆vi+ms
i +∇·TE

i −∇
(
φi
φ
σe(φ)

)
, i = 1, . . . ,N,

ρ0(∂t(φ0v0) +∇ · (φ0v0 ⊗ v0)) = −ρ0φ0g~k
N∑

i=1

αi (φ)∆vi +∇ · TE
0 ,

vi = (ui ,wi ) ∈ R2 is the phase velocity
TE
i viscous stress tensor

ms
i interaction forces between solid particles

σEi effective solid stress
αi resistence coefficient for the transfer of momentum
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= −ρiφig~k−φi∇p+αi (φ)∆vi+ms
i +∇·TE

i −∇
(
φi
φ
σe(φ)

)
, i = 1, . . . ,N,

ρ0(∂t(φ0v0) +∇ · (φ0v0 ⊗ v0)) = −ρ0φ0g~k
N∑

i=1

αi (φ)∆vi +∇ · TE
0 ,

q =
N∑

i=0

φivi

∆vi = vi − v0, i = 1, . . . ,N.
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Polydisperse sedimentation model

Following Berres et al. (2003) and assuming
∂t(φiwi ) + ∂x(φiwiui ) + ∂z(φiw

2
i ) and TE

i small

∆wi = µδiV (φ)


(ρi −

N∑

j=1

ρjφj) +
σe(φ)

gφi
∂z

(
φi
φ

)
+

1− φ
gφ

∂zσe(φ)




V (φ) = (1− φ)n−2, n > 2.

ρi = ρi − ρ0 for i = 1, . . . ,N, µ = −g d2
1

18µf
δi =

d2
i

d2
1
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MLB model





∂tφi + ∂x(φiui ) + ∂z(φiw + fi (φ)) = ∂z(ai (φ, ∂zφ)), i = 1, . . . ,N
∇ · q = 0

∇p = −∇σe(φ)− ρ(φ)g~k + 1
1−φ∇ · TE

0

fi (φ) = µV (φ)φi


δi (ρi −

N∑

j=1

ρjφj)−
N∑

k=1

δkφk


ρk −

N∑

j=1

ρjφj




 ,
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MLB model for a one-dimensional closed vessel

∂tφi + ∂z(fi (φ)) = ∂z(ai (φ, ∂zφ)), i = 1, . . . ,N

fi (φ) = µV (φ)φi


δi (ρi −

N∑

j=1

ρjφj)−
N∑

k=1

δkφk


ρk −

N∑

j=1

ρjφj




 ,
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A multilayer approach

Ongoing work with E.D. Fernández Nieto, E.H. Koné and R. Bürger

T. Morales de Luna (Univ. de Córdoba) Numerical simulation of sediment transport 40 / 42



A multilayer approach



∂thα + ∂x (hαuα) = Gα+ 1
2
− Gα− 1

2
− Fα+ 1

2
(Φ) + Fα− 1

2
(Φ),

∂t(hα ρα(Φ) uα) + ∂x (hα ρα(Φ) u2
α) + ∂x (hα pT ,α)

=
N∑
i=0

ρi

(
uα+ 1

2
Hi,α+ 1

2
(Φ)− uα− 1

2
Hi,α− 1

2
(Φ)
)

+ pT ,α+ 1
2
∂xzα+ 1

2
− pT ,α− 1

2
∂xzα− 1

2
,

∂t(hαφi,α) + ∂x (hαφi,αuα) = Hi,α+ 1
2

(Φ) − Hi,α− 1
2

(Φ), i = 1, . . . ,N.
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2
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− Fα+ 1

2
(Φ) + Fα− 1

2
(Φ),

∂t(hα ρα(Φ) uα) + ∂x (hα ρα(Φ) u2
α) + ∂x (hα pT ,α)

=
N∑
i=0

ρi

(
uα+ 1

2
Hi,α+ 1

2
(Φ)− uα− 1

2
Hi,α− 1

2
(Φ)
)

+ pT ,α+ 1
2
∂xzα+ 1

2
− pT ,α− 1

2
∂xzα− 1

2
,

∂t(hαφi,α) + ∂x (hαφi,αuα) = Hi,α+ 1
2

(Φ) − Hi,α− 1
2

(Φ), i = 1, . . . ,N.

Gα+ 1
2

:= ∂tzα+ 1
2

+ uα+ 1
2
∂xzα+ 1

2
− wα+ 1

2
for α = 0, 1, ...,M

Hi,α+ 1
2

:= φi,α+ 1
2
Gα+ 1

2
− fi,α+ 1

2
(Φ) for α = 0, 1, ...,M, i = 0, 1, ...,N

pT ,α+ 1
2

= pS +
M∑

β=α+1

hβ ρβ(Φ) g

pT ,α(t, x) = pT ,α+ 1
2

+
1

2
hα ρα(Φ) g

Fα+ 1
2

(Φ) :=
N∑
i=1

fi,α+ 1
2

(Φ)

hα = lα h with
∑

lα = 1
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Thank you for your attention

Tomas.Morales@uco.es
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